COHERENT ORIENTATIONS IN SYMPLECTIC FIELD THEORY 



FREDERIC BOURGEOIS AND KLAUS MOHNKE 

Abstract. We study the coherent orientations of the moduli spaces of holomorphic 
curves in Symplectic Field Theory, generalizing a construction due to Floer and Hofer. 
In particular we examine their behavior at multiple closed Reeb orbits under change 
of the asymptotic direction. The orientations are determined by a certain choice of 
orientation at each closed Reeb orbit, that is similar to the orientation of the unstable 
tangent spaces of critical points in finite-dimensional Morse theory. 



1. Introduction and Main Results 

Contact homology and Symplectic Field Theory were introduced by Eliashberg, Given- 
tal and Hofer (see P and They can be considered as a generalization of Floer 

homology and Gromov-Witten invariants to obtain invariants for contact manifolds via 
the study of holomorphic curves in symplectizations. Our exposition is a contribution 
to the foundation of these theories. We construct a gluing consistent orientation of 
the moduli spaces of punctured holomorphic curves in so-called symplectic cobordisms. 
The latter are open symplectic manifolds (VU^"", u) of dimension 2n such that outside 
a compact set there are nowhere vanishing, symplectically conformal, complete vector 
fields. In other words, the ends are symplectomorphic to either {[R, oo) x M_|_, (i(e*«+)) or 
((— 00,-R] X M_, (i(e*a;_)), i.e. the positive or negative half of the symplectization of con- 
tact manifolds (M±,^±) with ^± := ker(a-i-). The symplectic cobordism is equipped with 
an almost complex structure J which is compatible to the symplectic structure 00 and to 
the contact 1-forms on the ends. This means that uj{-, J-) gives a Riemannian structure 
on W, that near each end the almost complex structure J is translationally invariant, 
J{-§l) = Ra (where Ra is the Reeb vector field defined by iR^da = 0, a{Ra) = 1), and J 
preserves ^. 

We construct orientations on the moduli spaces of holomorphic curves, satisfying some 
relations under the gluing operation. An outline of such a construction was given in 
but uses a different approach than ours. 

Let us assume that the flow of the Reeb vector field Ra at each end of M is non- 
degenerate, i.e. for all its closed orbits (including the multiples) their Poincare return 
maps on C, have no eigenvalue 1. We denote by Va the set of all closed orbits of the Reeb 
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flow, where we consider multiples of an orbit as different elements. For each orbit 7 G Po, 
we fix a trivialization of ^ along 7. Then the linearized Reeb flow on ^ along 7 defines a 
path in the symplectic group Symp{2n — 2;M), starting at the identity and ending at a 
matrix with all eigenvalues different from 1. The Conley-Zehnder index, /i(7) G Z, is the 
Maslov index of this path (see jH])- 

Let us consider a disk D G C as a complex curve with a puncture at the origin 
and a fixed direction at the puncture, namely 6 = where (p, 6) are the standard polar 
coordinates of C. We say that a smooth map u : D \ {0} — > M x M is asymptotic to 
7 at ±00 if u{p,9) = {u^{p,6),um{p,Q)), linip^o '^^r(P7 ^) = ioo and the uniform limit 
limp^o ^m(P5 ^) exists and parameterizes 7 in such a way that limp^o ^a/Ip, 0) = z^. We 
thus may think of the additionally introduced direction at the puncture as a puncture on 
the boundary of the compactification [0, 1] x of Z) \ {0} via polar coordinates. The 
map u thus extends to the compactification and maps the puncture on the boundary to 

Let (S, j) be a Riemann surface, j its conformal structure. Let Xi, . . -Xs^x^^^ . . . G S 
be distinct points of the surface (which we will call punctures) and Vi G T^^S, ■ ■ ■ G 
Tx-T,]v_i G T^^S, . . . ,v_s G T^T, be fixed unit vectors in the tangent spaces at the points, 
which we call directions. We say that a map m : S \ {xi, . . . } — > W 

is asymptotic to 7^ G Vaj^ in at +00 if there are complex polar coordinates (p, 6) 
centered at Xk such that the directions Vk coincide with = and u is asymptotic to 7^. 
at +00. Analogously, we say that u is asymptotic to 7^ G Va_ in x^ at —00. 

Note that the diffeomorphisms of S act in an obvious way on the data described above, 
giving rise to new conformal structures and new holomorphic maps with the same asymp- 
totics. We are now ready to define the moduli spaces of holomorphic curves in a symplectic 
cobordism (VF, J). 

Pick a closed Riemann surface S, and closed orbits 7^, . . . , 7^ G Vaj^ and 7_|^, . . . , 7^ G 
Va_ of the flow of the corresponding Reeb vector fields. Define the moduli space 

J (7i, 7i,---,7j 

to be the set of conformal structures on S together with s positive and s negative punctures 
with directions, and holomorphic maps into (VF, J) asymptotic to 7^^, ... ,7^ at +00 at the 
positive punctures and to 7,^, . . . , 7^ at —00 at the negative punctures, modulo the action 
by the diffeomorphisms of S. 

Two symplectic cobordisms {Wi,uji) and (1^2,^2) can be glued if the negative end of 
{Wi.uJi) has the form ((— 00, — i?o] x M, (i(e*a)) and the positive end of {W2,uj2) looks 
like ([+-Ro; ; +00) X M, (i(e*a;)). The glued cobordism Wr, for R > Rq, is obtained after 
cutting Wi along {—R} x M, W2 along {+R} x M and identifying the ends with the 
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identity map. We obtain the glued symplectic structure ujr after multiplying uii by e 
and UJ2 by e"^. If the (Wi, Ui) are equipped with compatible almost complex structures 
that are identical on the ends we glue, then the glued cobordism (Wr, ojr) is naturally 
equipped with a compatible almost complex structure Jr. Of course, if at least one of 
the {Wi.oJi) is a symplectization equipped with an M-invariant almost complex structure, 
the glued structures {Wr.ojr, Jr) are independent of i? > Rq. 

We can also glue holomorphic curves in the almost complex manifolds (PFj, Jj). Consider 
compact subsets 

i^i C M^^j^ia^, . . . ,7^;7^, . . . ,7,_i, A, • • • , A) 

and 

C A^^,,^,(A, . . . , A, 7m, • • • ,7^'; 7;, • • -,71,) 

of a pair of moduli spaces. Let S = Sitj(S2 be the Riemann surface obtained by gluing Si 
and S2 at the punctures with asymptotics identifying their asymptotic direc- 

tions. If (14^2, 1^2) ^2) is a symplectization equipped with an M-invariant almost complex 
structure, we can have s > t since a holomorphic curve in {Wi, Ji) can be extended in 
(W21 J2) by a cylinder over a closed Reeb orbit; otherwise, we must have s = t. There is 
a similar remark for {Wi,uJi, Ji). 

One constructs, for R large enough, a diffeomorphism 

^r:KixK2 — > -M^^,j^(7i, • • • ,7s, 7m, • • • ,7^';7i, • • • ^Z-tdv ' ' 'dj' 

In this paper, we will construct and use a linearized version of this gluing diffeomorphism. 

Each moduli space M.^ j comes naturally equipped with a real hne bundle, called 
determinant bundle. Whenever the moduh spaces are cut out transversally by the Cauchy- 
Riemann equation (or a small perturbation of these equations) , the determinant bundle is 
canonically isomorphic to the orientation bundle A™^TA^^j of Ai^j. In particular, an 
orientation of the determinant bundle of Al^ j is equivalent to an orientation of Ai^j. 
Using gluing analysis of Fredholm operators, similar to that of Floer and Hofer in j3] , we 
will construct orientations for the determinant bundles of the moduli spaces : 

Theorem 1. The determinant bundles of the moduli spaces Aiy^rj are orientable in such 
a way that the gluing diffeomorphisms preserve the orientations (up to a sign due to the 
reordering of some punctures, see Corollary[TJ^ and the orientation of a disjoint union of 
data is induced by the orientation on each component (see Proposition^^ . 

In this article we describe the behavior of the constructed orientations under the change 
of certain data. The first property is a relation for the orientations of the moduli spaces 
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when reordering the punctures. This has been known since the early days of Symplectic 
Field Theory, for algebraic reasons : it is necessary for the differential d to be well-defined. 

Theorem 2. Let 

Li,i+i ■■ -^^,j(7i, • • • , 7s; 7i, • • • ^Jj^li+v • • • ' Is) 
— ' W', J (7i , • • • , 7s ; li , • • • , 7^+1 , 7; , • • • , 7,) 

be the map induced by exchanging the Ith and the {I + l)th negative punctures. There 
is a natural identification of the determinant bundles of the corresponding linearizations 
for [u,j] and Li i+i{[a, j]) , which are simply the same. Then the orientations given in 
Proposition Q 

(i) agree, if the product (/i(7^) + (n — 3))(/i(7^^_^) + {n — 3)) is even; 

(ii) disagree, if it is odd. 

A similar statement holds for the change of the ordering at the positive end. 

The contribution of the paper is to explain this by the consistency relation under disjoint 
union. Next we study the behavior of the orientation under the change of asymptotic 
directions at the punctures which are asymptotic to multiply covered closed Reeb orbits. 
We say that a closed Reeb orbit 7,„ is bad if it is the m-fold covering of some Reeb orbit 
7 and the difference fii'jm) — yu(7) of their Conley-Zehnder indices is odd. See e.g. [10] 
for a discussion. If this happens, then the integer m must be even. Closed Reeb orbits 
which are not bad are called good. 

Theorem 3. Consider the moduli space A4'^{^i, . . . . . . , 7^), where 7^, is the m-fold 

covering of a closed Reeb orbit. There is a natural "Lm^action on it which acts transitively 
on the possible direction at Xk. This action is orientation preserving if and only if^^ ^■^ 
good. A similar statement holds in the case of a negative puncture. 

At this point, the role of the chosen points and of the asymptotic directions becomes 
clear. Otherwise, it would be impossible to fix an orientation for holomorphic curves 
with at least one puncture asymptotic to a multiple Reeb orbit with odd behavior. The 
necessity of such a result has been clear since Michael Hutchings observed that in order to 
have invariance of Symplectic Field Theory, certain closed Reeb orbits should be ignored. 

We will discuss the Fredholm theory for linearized Cauchy-Riemann operators, corre- 
sponding to holomorphic curves in symplectic cobordisms, in Section |21 Then in Sectional 
we will generalize the construction of coherent orientations of Floer and Hofer. In Sec- 
tion^ we apply it to the moduli spaces of holomorphic curves in Symplectic Field Theory. 
Finally, in Section we will discuss the even and odd behavior under the change of as- 
ymptotic directions at multiple closed Reeb orbits described in Theorem El 
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2. Fredholm Theory 

Let E be a closed Riemann surface with conformal structure j, positive punctures Xk, 
k = 1, . . . ,s and negative punctures x^, I = 1, . . . , s. On a small disk of radius e~^° cen- 
tered on a puncture Xk or x^, we will use a local complex coordinate z = e''''''^"''^^^ vanishing 
at Xk or Xi- Then (s, 9) G [Rq, oo) x for a positive puncture and (s, 9) G (— oo, —Rq] x 
for a negative puncture; (s, 9) are cylindrical coordinates on the punctured disk. We ob- 
tain a compactification E of the Riemann surface E by extending the coordinate s to ±oo 
at each puncture. 

Let E he a symplectic vector bundle over the closed Riemann surface E together with 
symplectic linear identifications E^^, = E^^ = (M^,a;o) © (M^"~^, c^o)- This gives rise to a 
symplectic vector bundle E over the compactification E with fixed trivializations on the 
boundary components. 

Let /5 : M — [0, 1] be a smooth function such that = if s < 0, = 1 if 
s > 1 and < f3'{s) < 2. Let ce^^a, a = 1, 2 be vectors spanning the first summand of 
E^^ = M20M2n-2_ similarly define vectors e^^^. We define F^,^ = ]R2s+2. ^^le vector 
space generated by the sections Wk,a{s) = P{\s\ — Ro)cek,a and Wi^{s) = l3{\s\ — Ro)e^^. 

Let L^fj'^{E) be the Sobolev space of sections ( of E that are locally in and such 
that, near each puncture, ep''''C(s, 9) is in with respect to the cylindrical measure ds d9. 
The Banach norm on L^''^{E) is defined with respect to the measure e'^'^'c/sc?^ near the 
punctures. 

Let 

S := { A: [0,2n] — > Symp(2n - 2; R) | 1 ^ spec(A(27r)); 
A{0) = ld,A{0)A{Oy^ = A{2tt)A{2'k)-^ } 

be the set of regular paths in the symplectic group. We will denote the Maslov index of a 
path (see jH]) of symplectic matrices A E S hj fi{A). Note that for a regular closed Reeb 
orbit 7 with a fixed symplectic trivialization of C,, the linearization of the Reeb flow along 
7 determines an element A^ G S. 
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Now, for Ak, G S let E; Ai, . . . , As] A^, . . . , A^) be the set of continuous linear 
operators L : T^,, © L^'^^iE) — > Ll''^^{A^'\E)) , with p > 2, > 1 and ci > 0, of the 
following form : 

(i) in a trivialization of E in the interior of S, with local coordinate z = x + iy, the 
operator L looks like 

— + J(z) — 
^dx dy 

where J{z) and S{z) are locally in and J{z) is a compatible complex structure 
on E; 

(ii) in a trivialization of E near a puncture, that extends the fixed identification at 
the puncture, with the cylindrical coordinates {s,6), the operator L looks like 

d ^, d 



+ J(z)^ + (dx - idy), 



[^^+J{s,e)— + s{s,e)yds~ide), 



where S{s, 6) and J{s, 9) extend continuously to the compactification S in such a 
way that J(s, 6) — J(±oo, 6) and ^(s, 6) — ^(±00, 6) are in L^j^ti, and J(s, ^) is a 
compatible complex structure on E. 
The loop of matrices 5'(+oo, 9) splits in Ej:^ ^ ^ ]g2n-2 



^(+00, 

where 





'Sk{9) 



Sk{e) ■.= -j{+oo,e)Ak{e)Au{e)-^ 

is a loop of (2?T, — 2) x (2n — 2)-matrices which are symmetric with respect to the euclidean 
structure determined by the symplectic and the complex structure. There is a similar 
expression for the loop of matrices S{—oo,6). 

Note that the differential operators we consider have degenerate asymptotics, because 
the matrices S vanish on the first summand of E^^. = E^^ = ©M^""^. Hence, we cannot 
directly apply to them the usual Fredholm theory as in [Oj. 

Proposition 4. Let L E 0{T,, E;Ai, . . . ,As; A^, . . . , A^). Then 

L:T,,,®Ll'\E)^Ll'',{A''\E)) 
is a Fredholm operator with index 

ind{L) = - (n - 1)) - X^(/i(4) + - 1)) + + 2ci{E). 

denotes the Euler characteristic ofE. 
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Proof. First consider the restriction of L to L^i^'^{E). Note that the L^''' spaces are iso- 
morphic to the spaces, via multiphcation by a function that is constant away from 

-Is 

the punctures and given by ep' ' near the punctures. Conjugating our restricted operator 
with these isomorphisms, we obtain an operator V from to Moreover, near a 

puncture Xk or X;, the operator L' looks hke 

In particular, if the operator L has asymptotics Ak,Ai G S, the new operator L' has 
asymptotics ^^,^4^, where 

As a consequence of this small perturbation, the asymptotics are not degenerate anymore, 
and we obtain a Fredholm operator (see [S]). Its index is given by 

n{2-2g-s-s) + 2c,{E) + fi(A',) - J2 '"(^)- 

k=l 1=1 

It is easy to see that ni^f.) = /"(^fc) ~ 1 /^(iiO = f^iAi) + 1- 

Let us now consider the summand g. The images under L of these sections have 
their support near a puncture and decay exponentially near that puncture, hence L maps 
the new elements into L^'!!^^- The space F^^^ is finite dimensional. Thus the operator L is 
Fredholm. Its Fredholm index is the sum of the index of the operator restricted to 
and the dimension of the vector space F^^^, which is 2[s + s). Hence we obtain the desired 
formula. □ 

As in |3j, the sets 0{T,, E; Ai, . . . , Ag-, A^, . . . ,Ag) are topological spaces. Moreover, as 
in Proposition 8 of 0, these spaces are contractible. Note that unlike in [3j we allow the 
complex structures to vary on the ends here. Since the space Jl{E) of compatible complex 
structures is contractible this does not cause any trouble similar to that of Theorem 2 
of 0. The advantage will be that we can make orientation choices for each closed Reeb 
orbit together with its fixed trivialization of ^ without further structure. 

By PropositionHl the topological spaces E; Ai, . . . , A-g; A^, . . . , A,) consist of Fred- 
holm operators. Recall that, for every Fredholm operator L, the determinant space of L 
is defined by Det(L) := (A^'^^ker L) (g) (A^'^^coker L)*. Moreover, the determinant spaces 
of L G (9 fit together in a determinant bundle Det((9) over O. Since the spaces O are 
contractible, this determinant bundle is orientable. In order to orient these determinant 
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bundles in a coherent fashion, we need to construct a gluing map to relate orientations 
on different bundles Det(C). 
Consider two operators 

K e 0{E,E-A,...,A^;A„...,A^), 

such that Ag_^_i_^ coincides with A'^ for m = 1, . . . , t < min(s, s'). We want to construct 
a glued operator 

Mr e E";A,, . . . ,Aj,A[^„ . . -X'-^A,, . . . ,4_„ A'^, . . . ,4,)- 

Near the punctures x^^^^^, pick cylindrical coordinates (s^, ^m) ^ (— cxo, — i?o] x S^] 
near the punctures x'^, pick cylindrical coordinates G [i?o, +C)o) x S^. Choose 

R much larger than Rq. Cut out the small disks {s^ < —R} from E and {s^^ > +R} 
from S' and identify their boundaries for m = 1, . . . ,t so that 6m = 9'^. We denote the 
resulting Ricmann surface by S". Gluing the bundles E and E' using their trivializations 
near the punctures, we obtain a bundle E" over S". In the neighborhood of the gluing, 
we obtain cylindrical coordinates (s^, 6'^) defined by s'^ = Sm + R, O'm = 9m on T, and 
^'^n-s'^-R, C = Con E'. 

In cylindrical coordinates (s^, 9'^), we define 

Mr := + J'VL C)^ + S"{sl, (rf^:; - id9':^), 

where 

5"(CO='5(-O0,0 + /3(0('5(«m,^m)-5(-00,^^)) 

+ (3(-sl)(S'(s'm,9'm)-S'{+oc,9'J) 

and J"{s'^,9'^), s'^ G [—1,+!], is a path of compatible complex structures on E" inter- 
polating between J{—R + 1, 9m) and J'{+R — 1, ^^^). 

Note that, on L''^ {E"), we will not use the usual Banach norm, but a modified norm. 
For C e L^''^(E"), let Cm = 2^ /«" =0 "^"^C ^^mi where tt^ is the projection to the first 
summand of E^^_^^^ ^ E^'^ ^ R^"^ R2n-2_ ^^^^ ^ ^ ji _ R^)p(s + R- Rq). 
We define 

t t 

\\C\\Ll\E'r) = lie - E ^(^m)Cmb + 5^ ICml, 
m=l m=l 

where || • is the Banach norm with respect to a measure of the same form as before 
near the punctures but with a measure e'^(^~^°~l*'"'^ds^d^^ in the neighborhood of the 
gluing. 
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On the other hand, on L^'^j^(A°'^ (£"')), we will use the Banach norm || ■ with a mea- 
sure of the same form as before near the punctures but with a measure e'^^'^~^°~'*'"'^(is^(i6'^ 
in the neighborhood of the gluing. 

Let be the vector space generated by the pairs (w^s+i-m a) a) ^ ^s,s © T^'sm 
m = 1, . . . ,t and a = 1, 2. We write s" = s+s'—t and s" = s+s'—t. Let T'l„ ^„ be the vector 
space generated by the sections Wk,a, for k = 1, . . . ,s, the sections ^ for / = 1, . . . , s — t, 
the sections w'j^ ^, for k = t + 1, ... , s', and the sections wj for / = 1, . . . , s' and a = 1, 2. 
We denote by K ©r* L the restriction of fsT © L to r^'„_^„ © © Ll'^E) © L^'^iE'). 

Proposition 5. Assume that the operator K ©r^ L is surjective. Then the operator 

Mr : r^'.,,„ © Ll\E") ^ LI',{A''\E")) 

has a uniformly bounded right inverse Qr, if R is sufficiently large. 

In order to prove this proposition, we adapt the gluing construction of McDuff and Sala- 
mon 

Let : M [0, 1] be a smooth decreasing function such that 7_r(s) = for s > , 
1r{s) = 1 for s < 1 and all derivatives of jr uniformly converge to as — >^ oo. 
Let us define the gluing map 

gn:Tt®Ll:'{E)®Ll''{E') ^ 

{vXX') - C" = C' + v 

where, in the neck with coordinates 

r c(^:;, o + iRi^'DCis'L o if > +i 
c°(C, C) = c(s':, c) + cisi, c) if - 1 < < +1 
[ 7ii(-^:;)c(cc)+c'(cc) if^:;<-i 

and coincides with ( and on the rest of S and S' respectively. 
Let us define the splitting map 

v" iv,v') 

where, near the punctures and x^, 

v{sm,ej = p{si)i\si,e:,) 

and r], rj' coincide with rj" away from these punctures. 

Note that the operators g^ and sr are uniformly bounded in R. 
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Let Qoo be a right inverse for the surjective operator K ©r* L. Let us define an approx- 
imate right inverse Qr for M using the foUowing commutative diagram : 



SR 



9R 



Note that Qr is uniformly bounded in since and sr are. 

Proof of Proposition By construction, MjiQ^rj" = rj" away from the neighborhoods of 
the gluing. On the other hand, for s'^ E [— , + ^~2^ ] , we have 

MnQRv" = MrC" 

= Mniv^ + ^n{-sl)C + iR{sl)C') 



+1r{-sI) {M-K)C + 1r{sI) (M - L)C 



But 



= rj + ri' 
= V" 

because 7ij(— s) = 1 (resp. ■Jr{s) = 1) when rj (resp. rj') is not zero. 
Therefore, 

MrQrv"-V" = MRVra-i^{-slX + i^{sl)C 

+^^{-sI){Mr - K)C + 1r{sI){Mr - L)C. 
Hence, it follows from our constructions that 

\\MRQRrj"-v"\\R<CiR){\v\ + \\C\\ + \\C\\) 

where C{R) — > when R ^ oo. 
Therefore, if R is sufficiently large, 

\\MrQr-I\\ < ^. 

Hence, the operator MrQr is invertible. Let Qr = Qr{MrQr)^^. By construction, Qr 
is a right inverse for Mr, and it is uniformly bounded in R. □ 
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Corollary 6. There is a natural isomorphism 

(p -.kerK ©pj ker L — > ker Mr 
that is defined up to homotopy, if R is sufficiently large. 

Proof. Let be the uniformly bounded right inverse for the glued operator Mr G O", 
as in Proposition El We define to be the composition of the map gn and the projection 
map (/ — QrMji) from the domain of Mr to its kernel, along the image of Qr. In other 
words, = (/ - QrMr) o gR. 

We claim that the restriction of to ker K (Bvt ker L is an isomorphism for R sufficiently 
large. By Proposition HI the dimensions of both spaces agree, so it is enough to show that 
is injective. 

By contradiction, assume that for any large R, we can find (r G keri^' and £ kerL 
such that WCrW + IIC^II = 1 and fi'ij(C/?,Cfi) = QrVr^ for some r]'^. Since KCr = LCr = 0, 
we see that lim^^oo MRgR^^R, ('^) = by the same kind of computation as for MrQrT]" at 
the beginning of the proof of Proposition El But since MrQr = I, it follows that rj'^^ Q 
when R ^ oo. Using this in the original equation gives lim/j^oo fi'/?(C-R) Cij) = 0. But this 
contradicts \\Cr\\ + \\Cr\\ =1- D 

Suppose now that the operator K(BrtL is not surjective. Then we stabihze the operators 
K and L using finite dimensional oriented vector spaces Hi and H2 generated by smooth 
sections with compact support of A°'^(i?) and A°'^(i?') respectively We obtain operators 

{hi,v,() ^ h + K{v,() 



It is a standard property of determinant spaces (see for example jS]) that Det{K) and 
Det(L) are canonically isomorphic to Det^KffJ and Det(Ljj2), respectively. We can always 
choose Hi and H2 so that K^i ©Pt is surjective. When R is large enough, the operator 
Khi ©r* is a stabilization of K (Brt L] hence, their determinant spaces are canonically 
isomorphic. 

Moreover, the symplectic orientation of the ffist summand of E^^^^_^ = E^'^ =M? ® 
]^2n.-2 in^j^cgg orientation on the vector space F^. This in turn induces a natural 
isomorphism between 'Dei{K ®Tt L) and the determinant space of its stabilization K (B L. 

Therefore, we can generalize Corollary jUl as follows : 
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Corollary 7. Given operators K and L as above, there is a natural isomorphism 

^ : Det{K) ® Det{L) — > Det{MR) 
that is defined up to homotopy. 

3. Coherent Orientations of the Determinant Line Bundles 

We will explain the algorithm to orient all determinant line bundles over the spaces 
(9(S, E] Ai, . . . , Ag] A^, . . . ,Ag) of Fredholm operator. This was originally done in [3J for 
s = s = 1. 

In order to construct the orientations, we need the following operations : 

(i) Gluing of orientations. If we have elements 

K G 0(S,E;Ai,...,Z^;Ai,...,4) 

with Ag_^_i_^ matching A[ for z = 1, . . . , t < min{s, s'} we can glue them to obtain 
a new element 

K^tL e E";A,, . . . ,W't+i, ■ ■ -X'^Ai, ■ ■ ■ ,4-f ^'i' • • • '4') 

with the corresponding glued data. By Corollary [7| given orientations ok and ol 
of the determinant bundles of L and K we get an induced orientation OK'iltOL of 
the determinant of K^tL. In addition this operation is associative. 

(ii) Disjoint union of orientations. In addition to gluing we may form the disjoint 
union Li 11 L2 of two operators Li and L2. There is a natural isomorphism from 
Det(Li)(8)Det(L2) — > Det(LinL2). We denote by ol^ILol^ the induced orientation 
of Det(Li n L2) This operation may look very trivial but it is not. In fact, it 
depends on the order of the components Li and L2. 

Now we are ready to set up the necessary orientation algorithm. 

Step 0. For each closed Riemann surface S, we can choose a C-linear element 
L G E'; 0; 0), namely a 9-operator on E. The kernel and cokernel of this operator 

are complex vector spaces, and hence are canonically oriented. We define ol to be this 
complex orientation. 

Step 1. For each closed Reeb orbit 7 G Pq, there is a unique map 7 : — > M 
parametrizing it with constant arc length such that 7(1) maps to the point z^. In addition 
we fix a symplectic trivialization of the normal bundle of 7 (i.e. of ^ along the orbit). Thus 
we obtain a (periodic) family of symplectic matrices A^{t) by linearizing the Reeb flow. 
We pick the trivial symplectic vector bundle 6'" of rank n over the Riemann sphere CP^* 
with one positive puncture identifying the restriction of 6 to the boundary with using 
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the trivialization. We fix an element G 0{CP^,9; A^/,$) (note that these sets are 
all non-empty) together with an orientation oj^^ of the determinant of the differential 
operator L^. 

Step 2. For each closed Reeb orbit ^ e Va pick the trivial symplectic vector bundle 
^" of rank n over the Riemann sphere CP^* with one negative puncture and fix an element 
e 0(CP^, 9; 0; A^). We define the orientation ol^ of its determinant so that ol^HiOe^ 
coincides with the complex orientation induced by the usual 9-operator on CP^. 

Step 3. For Lj e 0{E, E; Ai;$), i ^ 1, . . . ,k, we define ol^]j...]jl^ = 11 ... 11 ol^. 
We have a similar definition for negative punctures. For each 

K eO{J:,E;A,...,Aj;A„...,A^), 

we define the orientation ok of its determinant so that 

coincides with the complex orientation induced by the usual 9-operator on E. 

Note that step 3 is compatible with steps 1 and 2, i.e. the orientations oj;^ and ol^ 
obtained using step 3, coincide with the ones defined in step 1 and 2, respectively, for 
each closed Reeb orbit ^ E Va- 

Now we have to determine the behavior of these orientations under the gluing operation 
Let us first describe the situation of two surfaces S and E' and operators K e 
0(E, E;A,---, As] A„...,At),Le C>(E', E'; A[, ■ ■ ■ , X; I'l, • • • , 4) with A^ matching 
A^, for m = 1, . . . ,t. That means we are in a situation of a complete gluing, i.e. Kj^L € 
0{E",E";A„...,A^;A!„...,A:^). 

Proposition 8. In the situation described above we have 

Proof. Note that the statement is true by definition if t = 1, when E = CP^ and s = or 
when E' = CP^ and s' = 0, since we simply cap off a puncture. 

Next, note that the statement also holds if s = 1 or s' = 1 instead of zero, i.e. in 
the case of gluing a cylinder. Indeed, we can reduce this case to the previous one after 
capping off the other end of the cylinder, by associativity of the gluing operation (i for 
orientations. 

Consider now the case of Riemann surfaces with an arbitrary topology and arbitrary 
number of punctures, equipped with operators K and L such that their asymptotic ex- 
pression near the punctures are complex linear. The operators K and L are then homo- 
topic to a complex linear operator in the class of operators with fixed asymptotics at the 
punctures. Hence, their determinants inherit a natural orientation from their complex 
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structure. The same is of course true for the glued operator and it is clear that gluing 
complex orientations yields the complex orientation since the gluing map is homotopic to 
a complex linear isomorphism in this case. 

Finally, we reduce the general case to the above situation by gluing cylinders Z and 
Z' to the punctures at which we want to glue K and L. We choose Z and Z' so that 
the glued operators K'^Z and Z"^L have complex linear asymptotic expressions at the 
negative and positive punctures, respectively. Since we can cap off all positive or negative 
ends of K and L, we may assume that there are no such punctures. We have a homotopy 
K%tL = KIZIZ'IL and hence 

due to consistency of gluing in the complex linear case. The latter is equal to 

{0Kttz)^t{0z4t0L) = {i0Kttz)^t0z')^t0L = OxttZitZ^tOL = OR^fOL- 

□ 

We are ready to derive the property for reordering the punctures. 

Proof of Theorem{^ This property follows from the consistency of the orientations under 
disjoint union applied to the 1-punctured spheres used to cap off operators over arbitrary 
surfaces with punctures. Comparing the orientations via is the same as comparing 
the orientations on the disjoint unions o^^ 11 (>z^^^ and (>z^^^ n o^^ of Li G 0{CP^, 9; A^^; 0) 
and Li^i G 0{CP^,9] A^^^^;^). This gives an orientation of the (virtual) vector space 
ker(L/) © ker(Li+i) (coker (Li) © coker (L/+i)) which is given by orientations of the two 
vector spaces of the difference. Thus we can compare the orientations induced by either 
of the two possible orders of the components with that given one. It is not hard to check 
that this differs exactly if both indices ind(L;) and ind(L/+i) are odd. But 

md(Li)=fi{r^) + {n-l). 

The proof for the case of changing the ordering at the positive ends is almost the same; 
in that case, we have to use spheres with one negative puncture and the index is 

ind(L,) = -(/i(7,) + (n-l)). 

□ 

Next we discuss the behavior of coherent orientations under the disjoint union operation. 
Proposition 9. Let 

K eO{J:,E;Au...,A^;A,,...,A^) 
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and 

LgO(S',E';A;,...,Z;,;A;,...,4,)- 

Then, for 

K n L e o(s n s', E n e';A,, . . . , • • • Ai, • • • • • • ,40, 

we have ok]jl = {—^YolU ok, where 

1 s' 

e = ( £(-"(1.) + - 3))) ( + - 3))) • 

1=1 k=l 

Proof. By definition, 

coincides with the complex orientation. On the other hand, 

But the latter is a complex orientation multiplied by (—1)^, by definition of ok and ol. 
Comparison with the definition of okul gives the desired result. □ 

The following statement about the behavior of coherent orientations for a general gluing 
is a mixed case of Propositions |H1 and M 

Corollary 10. Let 

KeO(S,E;Ai,...,Z^;Ai,...,AJ 

and 

lgo(s',e';z;,...,z;,;a;,...,4,) 

with v4^+i_m matching A'.^ for m = 1, . . . , t < min{s, s'}. Then, for 

K^tLeOi^t^',E^tE'-A,...,A^X+i,---X'-,Ai,...,A,_,,A:,,...,^ 
we have oxitL = {—'^YoK'\\tOL, where 

s-t s' 

e = + {n- 3))) ( J2 (-"(71) + (^ " 3))). 

1=1 k=t+l 



16 



FREDERIC BOURGEOIS AND KLAUS MOHNKE 



Proof. By definition, 

S C + J-g/ _Ll —S_—t —1 

coincides with the complex orientation. On the other hand, 
coincides with 

because of associativity. In order to apply Proposition |H1 to the gluing jls+s'-*, we have 
to permute several punctures in the right term : A^^^, . . . , must be exchanged with 
As-ty---yAi- This gives precisely the sign (—1)". After the gluing jj^+s'-t, we obtain 
a complex orientation, and comparison with the definition of oi^tK gives the desired 
result. □ 

Finally, we study the behavior of coherent orientations under the action of automor- 
phisms. 

Proposition 11. Let L G O^E, E; Ai, . . . , A^-; A^, . . . ,Ag) and a be a dijfeomorphism of 
S preserving the punctures. Let j' = a^j and K = cr{L). Then the map induced by a from 
the determinant line of L to the determinant line of K preserves coherent orientations. 

Proof. First, if S is a closed Riemann surface, we can deform L into a C-linear operator 
L' by a path of operators. The isomorphism induced by a from the kernel and cokernel of 
L' to the kernel and cokernel of is C-linear, so it sends ol' to Oo-(l') and hence ol to 
Ok- In the general case, consider the action of a on ^sOLispz^ jj jji^ • 

one hand, a preserves the complex orientation as above. On the other hand, the action of 
a clearly commutes with the gluing maps, and by assumption a extends as the identity on 
each capping 1-punctured sphere. Therefore the coherent orientations must be preserved 
as well. □ 

This proposition shows that the determinant line bundle for the Fredholm operators 
remains trivial if we allow the conformal structure on S to vary. Moreover, for j' = j and 

= L, it shows that the coherent orientations descend to the quotient space, since they 
are preserved by the automorphisms. 

Remark 12. One is tempted to consider the space of Fredholm operators with asymptotics 
in a connected component of S instead of concrete descriptions. Unfortunately, this is not 
possible, due to Theorem 2 in Neither of the determinant bundles over such spaces is 
orientable ! 
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Remark 13. We can compare the coherent orientations constructed in this paper with 
the orientations introduced in section 1.8 o/ Even though our definition of coherent 
orientations is formulated differently than axioms (C1)-(C3) o/j21; the 2 notions actually 
coincide, provided we choose the 1 ® 1* orientation for each cylinder equipped with a 
translation invariant operator L G 0{CP^, 9; A^, A^). 

4. Moduli Spaces of J-holomorphic curves 

We will apply our construction of coherent orientations to moduli spaces of liolomorpliic 
curves in a symplectic cobordism (VT^", u) of dimension 2n. We describe the Banach 
setting in which we study holomorphic curves in symplectic manifolds with ends and 
show that the linearization of the 9-equation gives rise to a Fredholm operator between 
Banach spaces. The approach we finally chose was explained to us by Helmut Hofer. 

As usual we denote by Tg^g, the Teichmiiller space of genus g smooth complex curves 
with s distinct marked points. This is a smooth complex manifold of complex dimension 
3g — 3 + s. We represent Tg^^ by a family of conformal structures on a (fixed) closed 
oriented surface S and s distinct points. We therefore denote by {j,Xi, ...,Xs) G Tg g the 
corresponding data on S. 

Let p > 2 and k > 1. We denote by 

the set of elements consisting of {j,xi, . . . ,x-s,Xi, . . . G 'Tg,s+s and a map u : S \ 
{xi, . . . , Xs, x^, . . . , Xg} — > W which is locally in L^. For each puncture there is a neigh- 
borhood which is completely mapped inside one of the ends of W : for a positive puncture 
this will be the positive end, for a negative puncture it will be the negative end. Fur- 
thermore, we ask that the projection of the map to the contact manifold corresponding 
to such an end maps a small neighborhood of Xk or Xi completely inside a fixed tubular 
neighborhood of the closed Reeb orbit 7^ G Va+ or 7^ G Va_- We introduce coordinates 
(i?, C) G X /}2n~2 jj-^ tubular neighborhood of the geometric locus I7I of a closed 
a±-Reeb orbit 7 with multiphcity ^(7), such that {0} x = parameterizes the 
underlying simple closed Reeb orbit with constant arc length element. We require that 
{} = corresponds to the fixed point on 7. 

Finally, near a puncture we require that there are holomorphic cylindrical coordinates 
(s, 9) G [Ro, 00) X for a positive puncture and (s, 9) G (—00, — -Ro] x for a negative 
puncture, such that the components of the map u = {uk,um), with um = (^^,0) satisfy 
(mk — A{'y)s — ao), ("i? — m('j)9), ^ G LF^{e'^^^^ds d9) in the tubular coordinates around the 
corresponding Reeb orbit. 
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Here ^(7) = /^«± is the action of the (multiple) closed Reeb orbit 7, is a constant, 
< d/p < 1 is smaller than the absolute value of the biggest negative eigenvalues of 
L'^_ for Xk or smaller than the smallest positive eigenvalue of for Xi, and is an 
operator acting on smooth functions in the following way : fix a hermitian trivialization of 
^ over 7, i.e. trivialize it as a complex and symplectic bundle. Then := — i^ — Sy{6) 
where S^{9) = —iTCm(^y)gdR{m{'y)9)7!'m{'y)e is a family of symmetric matrices, vr : TM — > 
is the orthogonal projection (see j^]). Obviously, maps in B^r^j{^i, . . . , 7^; 7,^, . . . ,7^) are 
asymptotic to 7^, in Xk at +00 and to 7^ in at —00. 

Remember that the asymptotics impose a condition on the choice of complex cordinates 
near the punctures. Namely, there is a finite set of 771(7) possible directions ^ at the 
punctures, since \imx->o um{x) = z-y for x G M, due to our choices. Finally, we consider as 
an element in B the map u together with a choice of possible directions at each puncture. 
We may think of the additionally introduced direction at the punctures as a puncture on 
the boundary of the compactification of the Riemann surface to a surface with boundary 
using the limits. 

In j3j the authors show that punctured holomorphic curves with finite energy which 
appear naturally in SFT are asymptotic to Reeb orbits at the punctures and satisfy the 
above decay conditions such that they lie in the set B. Moreover, with its obvious topology 
this set becomes a Banach manifold. This can be seen using the exponential map on W, 
corresponding to a complete Riemannian metric which is cylindrical on the ends of W. 

Let 'Hol^ jiji, . . . , 7^-, 7^, . . . ,7_) be the set of punctured holomorphic maps with the 
given asymptotics. The above discussion shows that Tiol^j C S^j, so that B is an 
appropriate configuration space to contain the set of holomorphic maps. Notice that in 
order to obtain the moduli space -Mw^j^i^ ■ ■ ■ ilsilii ■ ■ ■ 1 7^) of punctured holomorphic 
curves we still need to divide out by the mapping class group Diff(S, x)/Diffo(S, x). 

The tangent space T(j^x,u)B splits into the tangent space of at (j, x) and the 

vector space of sections of u*TW which are locally and, near the punctures, are either 
L^fj'^(TW) in cylindrical coordinates or are constant linear combinations of ^ and Ra^- 

At each point (j, x,u) & B we have a Banach space 

Eu,.,u) := Ll'^,{A'^\u*TW)) 

forming a smooth Banach bundle S — > B. Then the equation for J-holomorphic curves 
defines a Fredholm section d : B — > £. 

Consider the hnearization d(^j^x,u) of this section at (j, x,u) G B. This operator splits 
into 
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It follows from the above discussion that the second summand is an element of 

Therefore, by Proposition IH -Z^(j>,m) is Fredholm and has index 

s s 

ind(L(,-.,„)) = J](/x(7,) -{n- 1)) - X^(y^(7,) + {n - 1)) + nx(S) + 2c,{W,uj)[A]. 

k=l 1=1 

Since the first summand Di^j^x,u) of du has finite rank, from the index above one can 
easily derive the expected dimension of the moduli spaces : 

Y.f'i^k) - E-"(7,) + {n- 3)(x(S) -s-s) + 2cr{W, u;)[A]. 

k=l 1=1 

Proof of Theorem^ First, we have to explain how to orient the determinant bundles 
of the moduli spaces My^ji^i, • • • , 7s; 7^; • • • ; 7^) using the construction of the previous 
section. 

Let (j, X, u) G 'Hol^ji^i^ . . . , 7j-, 7_|^, . . . , 7^). Consider the linearized operator d(^j^x,u) 
splitting as D^^^^^u) © L(^j^x,u)- The family of operators L(^j^x,u) for {j,x,u) G B defines a 
continuous map 

op : Hol^^ji^^, . . . , 7^, 7^, . . . , 7j — > u*TW; A^^, . . . , A^_; A^^, . . . , A^J 

{j,x,u) > L(^j^j.^u)- 

The operator d(j^x,u) is homotopic to 0©L(j a stabilization of the operator Li^j^^^u) £ 

with the complex vector space T(^j,x)'^g,s+s- Hence, their determinant spaces are canon- 
ically isomorphic and the determinant bundle over Tiol corresponding to the Fredholm 
operator d(j^x,u) is isomorphic to op*Det{0) . In particular, the orientations from Section 

01 induce orientations on the determinant bundle of Tiol. 

The mapping class group of acts naturally on Hoi. Let be the moduli space 

of this action. By Proposition the coherent orientations are preserved by this action 
and descend to the moduh spaces A^. 

Next, we have to show that, given compact subsets 

C A<^,,j,(7i, • • • , 7s; 7i, • • • ,Zs-t^ A, • • • , Pt) 

and 

K, c • • . ,/32,/3i,7m, • • • ,7;';7;, ■■■,^X 

the gluing maps 

<I>B, : Kix K2 — y Mw^j^ili, ■■■,1s, It+i, ■ ■ ■ ■ ■ ■ , 1s-t' Iv • • • ' ll') 

are orientation preserving up to a sign (—1)^ where e is determined by Corollary E3 
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In order to prove this, we have to relate the differential of to the linear gluing map of 
Corollary ini Note that the construction of the gluing map requires the Fredholm section 
d : B ^ S to he transverse to the zero section. In other words, the linearization d(^j^x,u) of 
this section at {j,x,u) G 9 ^{0) C B must be a surjective operator. This transversality 
can be achieved in different ways, such as perturbing the almost complex structure J 
or perturbing the right hand side of the Cauchy-Riemann equation with an element of 
L^fj'^-^^{A^'^{u*TW)) having compact support in the complementary of the punctures. In 
all cases, the linearization of the perturbed section d is still an element of O modulo some 
zero order terms not affecting our constructions. Therefore, the definition of coherent 
orientations is independent of the precise way we achieve transversality for the moduli 
spaces. 

Let {ji, Xi, Ui) G Ki for i = 1,2. Using cutoff functions near the closed orbits Pi, ... , [3t, 
we construct a pre-glued map ur into the glued cobordism {Wr, Jr). Gluing the two con- 
formal structures we also construct conformal data {jR,XR) on the glued surface SitltS2. 
Then the glued data {Jr, xr, ur) satisfy 

\\duR\\ < C{R), 

where C{R) — > as i? oo. 

Under the above transversality assumption, the linearized operator d(^jj^^xR,UR) is surjec- 
tive and has a uniformly bounded right inverse, as in Proposition [S| An actual holomor- 
phic curve {jR,XR,WR) is obtained using Newton iterations (see ||7j), in a neighborhood 
of {jR,XR,UR) of size controlled by C{R). In particular, the difference in norm of the lin- 
earizations d(^jj^^xR,WR) and d[jj^^xR,UR)^ and the glued operator Or obtained from d[j-^xi,ui), 
for z = 1, 2 as in Section |21 are arbitrarily small for R sufficiently large. 

The differential of the gluing map (^r is the composition of the linearizations of the 
pre-gluing map and of the Newton iteration map. The linearization of the pre-gluing 
map involves gluing sections of LF^'^{u*TW) for i = 1,2 using some cut-off functions. It 
is therefore of the same form as the linear gluing map qr from Section |21 On the other 
hand, the differential of the Newton iteration map approaches the projection / — Qu^duR 
to the kernel of Our along the image of its right inverse Qur as R becomes large. The 
above discussion shows that this projection is very close to the projection I — QrOr of 
Section 121 for R large. 

This shows that the differential of ^r and the linear gluing map are very close for R 
large, so that they induce the same map on orientations. □ 
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Note that multiple covers of holomorphic curves have to be considered in Symplectic 
Field Theory. These prevent, even for a generic choice of J, the linearized Cauchy- 
Riemann operator from being surjective. Therefore, it is necessary to use more sophisti- 
cated methods, such as multi- valued perturbations jH], in order to achieve transversality. 
The moduli spaces we obtain in this way are branched labeled pseudo-manifolds. These 
are topological spaces consisting of finitely many smooth open strata of finite dimension 
such that the top-dimensional strata are dense. There is an assignment of positive ratio- 
nal numbers to each top-stratum. This discussion shows that, to define Symplectic Field 
Theory for all contact manifolds, we have to leave the realm of integer invariants, and 
rather use rational coefficients. 

As soon as we wish to compute integral or rational invariants we have to define orienta- 
tions of the moduli spaces of holomorphic curves which satisfy some coherence property 
under the gluing operation. This will lead to signs for holomorphic curves of index 1 in 
symplectizations (i.e. those used to define the differential) and for holomorphic curves 
of index or —1 in symplectic cobordisms (i.e. those which define homomorphisms and 
homotopies between the differential algebras). Counting them with their signs we get 
integers or rational numbers. 

On the other hand, there could be situations where one is able to define Z2-contact 
homology (see for example fl]), and hence avoid coherent orientations. However, it is 
not obvious that one can justify the invariance even in the absence of holomorphic curves 
of index 1 : multiply covered cylinders occur quite naturally in the symplectic cobordism 
defining the chain map which should be chain homotopic to the identity. In that case, 
multi-valued perturbations could not be avoided, and rational coefficients would make 
coherent orientations necessary. 

5. Even and odd behavior of the orientation for multiply-covered orbits 

We now establish the behavior of the orientations under change of asymptotic directions 
at punctures which are asymptotic to Reeb orbits with multiplicity. 

Proof of Theorem{^ First note that, in view of steps 2 and 3 in Section El for the con- 
struction of coherent orientations, it is enough to prove the theorem for the moduli space 
A1^(7m, 0), where 7m is the m-fold covering of the simple orbit 7. 

The index of the operator Lj is given by /i(7) + {n ~ 1). Then L^^ is the pullback of 
under the branched covering z ^ z"^. In particular, this operator has a Z^-symmetry 
of rotations. Hence, acts on the kernel and cokernel of L^^, and these vector spaces 
split into irreducible representations over M. 
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If m is odd, there are no elements of even order, so the action of preserves orienta- 
tions. Hence, coherent orientations are invariant under a change of asymptotic direction. 

If m is even, the possible irreducible representations include 2 representations of di- 
mension 1 (trivial and sign change) and m — 2 representations of dimension 2, generated 
by rotations of angle ^i, i = l,...,m — 1, i^^- The trivial representations correspond 
to the kernel and cokernel of L^. Therefore, the index difference 



has the same parity as the multiplicity of the orientation reversing representation over M 
in the kernel and cokernel of L^^. Hence, rotating the asymptotic direction of ^ reverses 
the coherent orientation if and only if fi{'ym) — /^(7) is odd. This is exactly the case 



Coherent orientations can be constructed after we make some orientation choices for 
all closed Reeb orbits. We now explain how to reduce the number of necessary choices in 
the case of multiply covered orbits. 

Proposition 14. Let 'j be a simple closed Reeb orbit. Fix an orientation of the determi- 
nant bundle over C»(CP\ 0"; A^, 0). 

(i) If y is an odd multiple of there is a canonical choice for the orientation of the 
determinant bundle over 0{CP^, 6'"; Ay, 0) induced by the orientation for 7. 

(ii) The choice of an orientation for the double orbit 7', in addition to 7, induces 
orientations for all multiple orbits. 

(iii) If n = 2, the orientation for 7 alone induces orientations for even multiples as 
well, if they are good. 

Proof, (i) Let m be the odd multiplicity of 7'. Recall that Z.^ acts by rotation on the kernel 
and cokernel of Ly and that these vector spaces split into the invariant part and some 
irreducible representations over generated by a rotation of angle ^i, i = 1, . . . , m — 1. 
The invariant part consists of the puUback of the kernel and cokernel of the operator 
and hence it is oriented. We choose the orientation on each irreducible representation 
in such a way that i < y. 

(ii) If the multiplicity m of 7' is even, the kernel and cokernel of Ly split into the 
invariant part, some irreducible representations over generated by a rotation of angle 
^i, i = l,...,m — 1, i 7^ Y, and the part V^i on which the generator of Z^ acts by 
— 1. The invariant part and the summands are oriented as above. On the other hand, 
the kernel and cokernel of the operator corresponding to the double orbit split precisely 
into the invariant part and V-i. Since the choice of an orientation for the simple orbit 



ind{L^^) - ind{L^) = fi{-fm) - /i(7) 




□ 
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is equivalent to an orientation of the invariant part, the choice of an orientation for the 
double orbit is just what we need to orient all the other multiples. 

[iii) In the case n = 2 we have to find a way to orient the part V^i on which the rotation 
acts by —1. Choose the operator so that it splits into the standard Cauchy-Riemann 
operator d and an operator ds^^ of the form 

near the positive puncture. Since ds^ has nondegenerate asymptotics, its Fredholm index 
is given by fi{S^) — 1. This kind of operators were well studied in |3|. We now summarize 
some facts about ds^ from that paper, assuming md{ds^) > 0. Otherwise, we consider its 
formal adjoint, exchanging kernel and cokernel. 

a) Let (px be an eigenvector with eigenvalue A G M of the operator := i^ + 
S^{t). It has a well-defined winding number w{(j)\) in the fixed trivialization. Each 
winding number appears exactly twice and increases with the eigenvalue. Two 
eigenvectors with the same winding number are pointwise linearly independent in 

or a multiple of each other. 

b) The operator ds^ is surjective. Elements in ker ds^ have the form Ce'^^(j)\ + 0{e^^), 
where C 7^ 0, A < and 1 < w(0a) < ui{S^), where 

d 

w{Sj) = max{w{(j)x) | > A G spec(i— + S^{t))}. 

c) Consersely, we may choose a basis of ker such that the leading terms are in 1 — 1 
correspondence to the set of eigenvectors {(px}x satisfying the above conditions. 

Therefore, the Maslov index of can be computed in terms of these data. We 
have 

where p{S.y) = if the winding of the smallest positive eigenvalue is the same as 
that of the biggest negative, and p{Sj) = 1 otherwise. 

Let 7' be the double cover of the orbit 7. Let Ly be the pullback of the operator 
under the branched covering z ^ z"^. The kernel of splits into the pullback of kerL^ 
and the part V-i that is not invariant under the Z2 action. By assumption, 7' is good, so 
that p(S'y) = p{S^/). Therefore, V-i splits into summands generated by 2 eigenvectors 
of equal winding number. Since these 2 eigenvectors are pointwise linearly independent, 
the corresponding summand inherits a natural orientation from the complex orientation 
of ^. Hence, we obtain a natural orientation on V^i. □ 
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Remark 15. If we reduce the number of choices in the construction of coherent ori- 
entations using Proposition^^ we can extract more precise information from the moduli 
spaces. Consider the symplectic cobordism (M x M, d{e^as)), where interpolates between 
contact forms and ai for isomorphic contact structures C,o — ^i- Counting holomor- 
phic curves of index in this cobordism, we obtain an isomorphism $ between the contact 
homologies computed using oq and a\. Assume the image of a generator 7 has the form 
$(7) = C7, where c 7^ 0. If we choose orientations separately for each closed orbit, then of 
course the sign of c is meaningless. However, if we choose orientations using Proposition 
fm then the sign of c may contain some extra information. 
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